Abstract-In a Poisson Point Process (PPP) network model, in which the locations of Base Stations (BSs) are randomly distributed according to a Spatial Poisson Process, has been recently used as a tractable stochastic model to analyse the performance of downlink Heterogeneous Cellular Networks (HCNs). The HCN is modelled as a multi-tier cellular network where each tier is characterised by the transmission power level, propagation path loss exponent and density of BSs. The current works on HCN enabling Intercell Interference Coordination (ICIC) technique usually deal with Strict Frequency Reuse (FR) or Soft FR with a reuse factor of ∆ = 1 in a Rayleigh fading channel. It has been assumed that all Base Stations (BSs) transmit continuously which leads to a reduction on the impact of number of users and RBs on network performance. In this paper, the performance of Soft FR with a reuse factor of ∆ > 1 in Rayleigh-Lognormal fading channel is evaluated. The impact of the number of users and Resource Blocks (RBs) on Intercell Interference (ICI) are presented for Round Robin scheduling and indicator functions. The results show that there are opposite trends between coverage probability of Cell-Center User (CCU) and Cell-Edge User (CEU).
I. INTRODUCTION
In Orthogonal Frequency-Division Multiple Access (OFDMA) multi-cell networks, Intercell Interfere (ICI), which causes by the use of the same Resource Block (RB) at the same time at adjacent cells, has significant impact on network performance. Intercell Interference Coordination (ICIC) [1] such as Frequency Reuse (FR) has been introduced as a sufficient technique that can mitigate the ICI then improve the performance of users having low Signal-to-Interference-plus-Noise Ratio (SINR).
The Poisson Point Process (PPP) network model, which was presented in [2] for single-tier networks and then developed in [3] for multi-tier networks, is considered as the accurate stochastic model to analyse the network performance. In single-tier PPP model, the number and locations of BSs are randomly generated according to a Poisson Distribution and Spatial Poisson Process respectively. Each BS covers a particular Voronoi cell. The PPP network model with K tiers is considered as the combination of K single-tier model in which each tier is characterised by the transmission power level, propagation path loss exponent and density of BSs.
Coverage probability approach was proposed to evaluate the performance of PPP network model [2] , [4] - [6] . In [2] and [4] , it was assumed that there was one user in each cell, hence the effects of scheduling algorithms on the network performance were not studied. In [5] , [6] , the Round Robin scheduling was considered, however the authors worked with a interferencelimited network model (no noise). Furthermore, in these work, it has been assumed that the signal in downlink network only experiences fast fading, i.e. Rayleigh fading, and propagation pathloss, while in a realistic mobile radio network, the signal can be affected by slow fading, i.e. shadow fading, which is caused by the variation in the terrain configuration between the transmitter and the receiver.
Some works that evaluated the effects of Rayleigh and shadowing were considered in [7] , [8] . In [8] , shadowing was not incorporated in channel gain and can be constant when the origin PPP model is rescaled. In [7] , the Rayleigh fading and Lognormal fading were considered together in the form of a Rayleigh-Lognormal channel and the closed-form expression of coverage probability was found by using Gauss-Legendre approximation.
In all papers discussed above, either Strict FR or Soft FR with reuse factor ∆ = 1 was investigated that led to the fact that the all interfering BSs of a typical user in a given tier have the same transmission power and the same distribution densities. In addition, it has been assumed that all BSs transmit continuously which means that the adjacent cells always create ICI to the typical user. These assumptions significantly reduce the impact of the number of users and RBs on the network performance.
The main contribution of this work is to evaluate the coverage probability of a typical user in the random Poison network enabling Soft FR with factor ∆ > 1. Since in Soft FR, the BSs at different cells in the same tier can transmit different power levels on the same RB, the transmission power ratio is defined to classify these BSs. Another theoretical contribution is that the impact of the parameters including Round Robin scheduling, the number of users and RBs on the network performance are considered. For this purpose, the indicator functions which present the probability where a BS causes ICI to a typical user are defined. A part of this work which analyse the performance of the Cell-Center User (CCU) in the single-tier network has been presented in [9] . In this paper, the multi-tier network is investigated and the coverage probability of a CCU, Cell-Edge User (CEU) and random user that can be served as a CCU or CEU, are evaluated. The results of this paper differ from those in [9] because for multitier networks, the problem becomes more complex and more network parameters should be configured.
II. SYSTEM MODEL
In this paper, a PPP cellular network with K tiers in which the locations of BSs in tier i are distributed as a homogeneous spatial Poisson Point Process (PPP) with density λ i , (0 < i ≤ K), is considered. The radio signals within the tier i experience path loss with exponent α i . Without loss of generality, a typical user is assumed to be located at the origin and served by the nearest BS in the tier i. The Probability Density Function (PDF) of the distance r i from a typical user to its nearest BS in tier i is given by [5] 
in which P Ai is the probability that a typical user has a connection with the tier i.
A. Fading channel model
In realistic mobile radio scenarios in urban areas, the multipath effect at the mobile receiver due to scattering from local scatters such as buildings in the neighborhood of the receiver causes fast fading while the variation in the terrain configuration between the base-station and the mobile receiver causes slow shadowing. The PDF of power gain g of a signal experiencing Rayleigh and Lognormal fading is found from the PDF of the product two cascade channels [10] 
where µ z and σ z are mean and variance of RayleighLognormal random variable (RV). Then, its Cumulative Density Function (CDF) can be approximated by Gauss-Hermite quadrature as given below: [7] 
in which γ(a n ) = 10 ( √ 2σ z a n +µ z )/10 ; w n and a n are, respectively, the weights and the abscissas of the Gauss-Hermite polynomial.
The average of the power gain of Rayleigh-Lognormal channel is g R−Ln = 10 (µ z + 1 2 σ 2 z )/10 . In this paper, it is assumed that the power gain of the channel is normalised, i.e. g R−Ln = 1.
B. Frequency Reuse Algorithm
We assume that all cells in a given tier use the same FR pattern including resource allocation and FR factor. For example, each cell in tier i is allowed to use N i resource blocks (RBs) which are divided into two groups called cell-center and cell-edge RB group containing N We define φ i to be transmission power ratio on a cell-edge RB and cell-center RB, i.e. the transmission power on a cellcenter and a cell-edge RB in tier i are P i and φ i P i . When the FR factor ∆ i is used, the densities of cells in the tier i, that uses the RB b as a cell-center and cell-edge RB, are λ
The intercell interference experienced by a typical CEU, is given by are the set of interfering BSs transmitting with a cell-center and cell-edge power level in tier j; g jz and r jz are the channel power gain and distance from the user to the interfering BS z in the tier j; τ(RB jz c = b) and τ(RB jz e = b) is the indicator functions that take value 1 if the RB b is occupied as a cell-center or cell-edge RB in cell z c or z e .
When Round Robin scheduling is deployed, the expected values of these indicator functions are:
For optimisation purposes, the ratio of the number of RBs at a cell-edge and cell-center area is proportional to number of the CEU and CCU [11] . Hence, we define the optimisation factor ε i for the tier i as in Equation 5
III. COVERAGE PROBABILITY OF A TYPICAL CELL-EDGE USER
In this section, the coverage probability of a typical user that is served on a cell-edge RB, is considered. The CEU is said under the coverage region if there is at least one tier i among the K tiers such that the received SINR i (φ i , r i ) from at least one BS in tier i is larger than a coverage thresholdT i .
is the coverage probability of the user which is associated with the tier i and P Ai is the probability that the user is connected to tier i. When the user is under the coverage area, it can successfully decode the received signal. Then, it is clear that the value ofT i varies depending on the sensitivity of the user equipment.
The received SINR i (φ i , r i ) from the tier i can be expressed as a function of the distance between the user and its associated BS.
in which g i and r i is the channel power gain and distance from the user to the serving BS in tier i; φ i is the transmission power ratio that was defined in section II-B; σ 2 is Gaussian noise. The coverage probability in Equation 6 can be rewritten as the following expression
Hence, to find expression of P (e) c (T i , φ i ), the coverage probability of the CEU at a distance r i from its serving BS, i.e. P (e) i (T i , φ i |r i ) should be computed first. Lemma 3.1: The coverage probability of the typical celledge user at a distance r i from its serving BS in the tier i is given by
where
; γ(a n ) = 10 ( √ 2σ z a n +µ z )/10 ; ω n and a n ,c m and x m are are weights and nodes of GaussHermite, Gauss-Legendre rule respectively with order N H . Proof: See Appendix It is observed from Lemma 3.1 that the coverage probability of a typical user is inversely proportional to exponential function of 1/SNR and r i for cellular network with σ 2 > 0. On right-hand side of the equation, the first exponential part corresponds to the transmission SNR which is comparable with the published results and equals 1 in the case of an interference-limited network. Meanwhile, the second exponential part corresponds to the ICI which represents the relationship between one side such as density of BS, transmission ratio and optimisation factor, and other side such as coverage probability. When the FR factor ∆ = 1, i.e. φ i = φ j ∀i, j, then the coverage probability expression is comparable with the results in [5] , [9] .
The main difference between the CEU and CCU is that the CEU is served by the BS transmitting at the high power level while the CCU is served by the BS transmitting with the lower power level. The coverage probability of the typical CCU can be obtained by:
in which f I (T i , 1, φ i , i, j) and related symbols are defined in Lemma 3.1.
Proposition 3.2:
The average coverage probability of the typical CEU that is randomly located in the network is given by
Proof This expression of average coverage probability can be obtained from Equation 8 by using Gauss-Legendre quadrature, i.e. letting r = t 1−t . This closed-form expression for coverage probability of a typical user in Rayleigh-Lognormal fading is simpler and more general than the previous results in [4] which was produced for Rayleigh fading only and a FR factor ∆ = 1. Proposition 3.3: The average coverage probability of the cell-edge user in an interference-limited network (with no noise) the homogenous network , i.e. α i = α j , ∀0 < i, j < K, is given by
) Proof When σ 2 = 0, the desired result can be achieved by evaluating the integral in Equation 8 .
This close-form expression is comparable to the corresponding result for Rayleigh fading and FR factor ∆ = 1 given in [12] . When the number of tiers is one (K = 1) or the densities of BSs in all tiers are the same, the average coverage probability does not depend on the density of the BS. This means the coverage probability is consistent with the changes the of number of BS [2] .
IV. AVERAGE COVERAGE PROBABILITY OF A TYPICAL

USER
In this section, we derive the average coverage probability of a typical user (called randome user) that is randomly located in a K-tier cellular network and can be either served as a CEU or CCU. Using the same approach that was given in Section III, the average coverage probability is given by
where P Ai is the probability that the random user is associated with the tier i and P i (T i , φ i ) is the average coverage probability of the random user when it is connected to the tier i. It is noticed P i (T i , φ i ) is obtained by averaging the coverage probability of the user at the distance r i , i.e. P i (T i , φ i |r i ), over the network. Hence,
where f R i (r i ) is the PDF of r i that was given in Equation 1.
For a given tier i in a LTE network enabling frequency reuse, a typical user can be served as a CEU (or CCU) when its received SINR, i.e. SINR i (1, r i ) in Equation 7, is below (or above) the SINR threshold T i . If the user is served as a CCU, then it is said to be under the coverage region of the tier i if SINR i (1, r i ) are larger than both the SINR threshold T i and the coverage thresholdT i . If the user is served as a CEU, then it can be served on different RB and transmission power. Hence, it experience new SINR, i.e. SINR i (φ i , r i ),. Hence, the user in this case is under the coverage region of the tier i if SINR i (φ i , r i ) is above the threshold T i . Subsequently, the probability P i (T i , φ i |r i ) of a random user is obtained by
in which P (e) Equation  9 and 10, respectively.
Using the same approach as in Proposition 3.2, the average coverage probability can be obtained by
In the case of interference-limited network with a frequency reuse factor ∆ = 1 is used, i.e. φ i = φ j ∀0 < i, j ≤ K, then the average coverage probability is given by the same approach as in Proposition 3.3
This closed-form expression of average coverage probability is comparable with the published result in [7] . The average coverage probability only depends on the optimization factor.
V. SIMULATION AND DISCUSSION
In this section, the Monte Carlo simulations are used to give a graphical verification of the accuracy of the analytical results presented in Section 4. Furthermore, this section provides more details about the relationship between network performance and the related parameters such as transmission power ratio, optimization factor and coverage threshold.
Since the coverage threshold represents the signal detection probability of the user equipment, it does not depend on the tier in which the user is associated with, i.e.T i =T j , ∀0 < i, j < K. To reduce the computation complexity, it is assumed that the path loss exponents at different tiers are the same. The analytical and simulation parameters used in this paper are summarized in Table I . Figure 2 shows variation of the average coverage probability of the CEU (y-axis) versus the coverage threshold in dB (xaxis) from theory and simulation for a number of values of the optimization factors (ε 1 , ε 2 ) which represent ratio between the number of users and RBs in each tier.
When the optimization factor increases which means that there is an increase in the number of users, the average coverage probability of the CEU decreases significantly . For example, when the coverage threshold isT i = 0 dB, the coverage probability decreases by 23.6% from 0.4229 to 0.323 when the optimisation factors doubles from (ε 1 = 0.1, ε 2 = 0.2) to (ε 1 = 0.2, ε 2 = 0.6).
Furthermore, it is observed in Figure 2 that the average coverage probability which is proportional to the detection probability of user equipment. When the sensitivity of user device is improved which means that the user can work with lower SINR (i.e. lower coverage threshold), the probability that the user successfully decodes the received signals increases. Consequently, the performance of this user increases. Figure 2 . Coverage probability of a CEU vs. coverage threshold
In Figure 3 , the coverage probability of the CCU, CEU and random user are shown as a function of transmission power ratio . When the transmission power ratio increases (i.e. an increase in the transmission power on the cell-edge RB), the received signal power for the CEU and the ICI power in the network increases while the power of the received signal of the CCU is kept constant. Hence, as shown in the figure, the coverage probability of the CEU grows moderately, while that of the CCU decreases . For the random user which can be CCU or CEU, the coverage probability increases slightly.
VI. CONCLUSION
In this paper, the coverage probability of a typical user in a multi-tier network experiencing Rayleigh-Lognormal fading is presented through mathematical and numerical analysis. The typical user in this paper can be a CCU, CEU or random user. The main difference between the results in this paper and in other published work is that previous works use either Strict FR or Soft FR with reuse factor ∆ = 1 . In this paper, FR factor ∆ > 1 was investigated. The results show that the coverage probability of a typical user is a function of the transmission ratio, FR factor, density of BSs and optimisation factor. Furthermore, the results indicate that there are opposite trends between the performance of the CEU and CCU. Therefore, the optimal problem should consider these factors together.
APPENDIX A
The coverage probability in Equation 6 can be rewritten as 
in which SNR i = P i σ 2 . By substituting Equation 3, the expectation can be separated into two elements E (c) and E (e) .
in which E (e) and E (c) are given in Equation 19 Evaluating the second group product E (e) , we have
